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Abstract 

X 

^ I We study the behaviour, in the simultaneous Umits h —> 0,t ^ oo, of the 

Husimi and Wigner distributions of initial coherent states and position eigen- 
states, evolved under the quantized hyperbolic toral automorphisms and the 
quantized baker map. We show how the exponential mixing of the underlying 
dynamics manifests itself in those quantities on time scales logarithmic in h. 
The phase space distributions of the coherent states, evolved under either of 
those dynamics, are shown to equidistribute on the torus in the limit h ^ 0, 
for times t between 2 ^^*^ , where 7 is the Lyapounov exponent of 

the classical system. For times shorter than ^-r-^, they remain concentrated 
on the classical trajectory of the center of the coherent state. The behaviour 
of the phase space distributions of evolved position eigenstates, on the other 
hand, is not the same for the quantized automorphisms as for the baker map. 
In the first case, they equidistribute provided t ^ 00 as ?i — > 0, and as long 
as t is shorter than ^ . In the second case, they remain localized on the 
evolved initial position at all such times. 



1 Introduction 

It has been known for a long time and proven in a large number of situations that the 
eigenfunctions of a quantum system that has an ergodic classical limit equidistribute 
on the relevant energy surface ash^O^ |BDBl| , [BTIB^ , pdVI , pBDE| , [GL| , [HME] , 



Sq , ^l| . Similarly, if the underlying dynamics is mixing, this has an effect on the 



off-diagonal matrix elements of observables between eigenstates [[Bo| , |CR1| , [Z2| , |Z3 



In other words, signatures of ergodicity or mixing on spectral properties of quantum 
systems have been extensively studied. In this paper we exhibit a phenomenon in 
the time domain that is a signature of the exponential mixing of the underlying 
dynamics: the equidistribution on the relevant energy surface of the Husimi and 
Wigner distributions of an evolved coherent state in the limit where simultaneously 
^ ^ and ^—^ « t « J-i^. We show this phenomenon occurs in the quantized 
cat and Baker maps. We expect it to hold also in other exponentially mixing systems, 
such as perturbed cat maps, chaotic billards, or manifolds of constant negative 
curvature. Rigorous proofs of these latter statements are still lacking for reasons 
that will be explained below. 

More precisely, we give a rigorous proof of the occurrence of two distinct time 
scales, both logarithmic in h, in the behaviour of the Wigner and Husimi phase 
space distributions of initial coherent states evolved under quantized hyperbolic toral 
automorphisms or the quantized baker map. (Theorems |1.1| and |1.2| ). Denoting by 
7 the Lyapounov exponent of the classical map, we show in particular a qualitative 
difference between the behaviour of the above quantities for times shorter than '-^ 

and for times between '-^-^ and '--^. When t « '-^ the system is in what could be 
called, following ||CC|| , the "orbital instability regime": the phase space distribution 



functions behave as a delta function situated on the classically evolved center of the 
initial coherent state. For times '-^-^ « t « '-^^ the system is in the "mixing" 
or "statistical relaxation" regime: the phase space density spreads throughout the 
phase space and approaches the steady state given here by the uniform distribution. 
Some numerical evidence for the existence of such a transition at times of order 
\hih\ was given in [ [T]}] for the cat map and in | [BV[| for the Baker transformation 



without however pinning down its precise location. 

phase space distributions of coherent states and the situation is different for position 
eigenstates. When evolved under a quantized toral automorphism, the latter reach 
the mixing regime "immediately"; by this we mean in any limit, however slow, where 
t ^ oc as h ^ 0, and for all times up to J-2— !■. When evolved under the quantized 
baker map, on the contrary, they remain in the "orbital instability regime" for all 
such times. For precise statements, see ( [1.6D and Proposition [4.2| (i). 

We will argue below that the above phenomena can be understood in terms of 
the interaction between the exponential mixing properties of the classical dynamics 
and the support properties of the initial phase space distributions. This suggests 
that the results should remain valid - mutatis mutandis - for other exponentially 



The occurence of the transition at J-|— i- is linked to the support properties of the 



unstable chaotic systems. To prove the existence of a transition in the behaviour of 
the coherent state matrix elements, however, one would need good control on the 
semi-classical approximation of the full quantum evolution of such systems for times 
longer than | ln/i|/27, where 7 is the classical mixing rate of the system. This is 
known to be a delicate matter: see [pR], PGP|, |CR2|, [HJ|| for results in this direction. 



The study of time-dependent quantities has attracted less attention in quantum 
chaos than that of spectral properties. Nevertheless, its importance has been stressed 
by several authors very early on ||B1J|| ||BBTV|| . There are two reasons for this. 



The first is that resolving fine spectral details is equivalent, via the Fourier transform, 
to understanding the (very) long time behaviour of the system. The other one, 
perhaps a bit more philosophical, is that chaotic properties of classical dynamical 
systems (ergodicity, mixing and mixing rates, Lyapounov exponents, . . . ) manifest 
themselves asymptotically in time {t — > cxo). It is well kown that bound quantum 
mechanical systems, having discrete spectrum, can not be chaotic in the classical 
sense. This poses the question of how classical chaos "emerges" from quantum 
mechanics as h -^ and hence of the non-commutativity of the ^ — > and t -^ 00 
limits. The following view on this problem has been expressed more or less explicitly 
by several authors |PV|| |PT|1 |PQ] . We know that for times that are not too long. 



but that could still go to infinity as h goes to 0, classical and quantum mechanics 
are close. It is reasonable to expect that if, within this time scale, the classical 
system exhibits certain chaotic properties, then those will also manifest themselves 
in the quantum system. Our results give a precise quantitative content to this idea 
by showing that, for the quantized cat and Baker maps, the classical exponential 
mixing manifests itself already in the quantum system for times shorter than J-^. 

Let us now give a precise statement of our results. For more details on the 



objects introduced, we refer to section |^ for the cat maps and to section [4.1| for 
the baker map. Let ?iAr(K)(fi; G [0, 27r[x[0, 27r[) be the quantum Hilbert space of 
states associated to the torus T^, where A^ = l/{27ih) G N, and where Op^ {f) is 
the Weyl quantization of the classical observable / G C°^(T^). We also introduce, 
for each x = {q,p) G T^, the coherent state \x,z,k) G Hn{i^) which is obtained by 
periodizing the Gaussian centered at x, with shape determined by z G C {Im z > 0). 
To each hyperbolic toral automorphism A G SL2(Z) (|Try4| > 2) the metaplectic 
representation associates a unitary map Mf^{A) on Tijq^n), the so called quantum 
map. To each (bounded) function / on the torus we associate the following (t, N) 
dependent function (xq G T^): 

Of^''^[t,iV](xo) = (xo,z,«|M.(A)-*Op;fJ(/)M.(A)*|a;o,z,K) . (1.1) 

Here Op^^(/) stands for the anti-Wick quantization of /, so that 

0;^''^[t,Ar](xo) = / f{x)\{x,z,K\M,{k)'\xo.z,K)\' ^ . (1.2) 

Our principal result for the quantized hyperbolic toral automorphisms is then: 



Theorem 1.1 For all f G C°^{T^), for all e > 



lim (of'^^^[t,N]{xo) - f{A'xo)) = 0, (1.3) 



t<(i-^)^ 



and 



lim Of'^'%N]{xo)= f f{x)dx, (1.4) 

(l+e)i£f<t<(l-e)liif 

uniformly in xq G T^ and in t in the indicated region. Here 7 denotes the Lyapounov 
exponent of the classical map. 

The first part of Theorem O] asserts that if N goes to infinity with t "much" 
smaller than ^y^, then Oj- ''^[t,N]{xo) tends to f{A^Xo). In other words, on this 

time scale, the behaviour of Of ''' is determined by the motion of the center of 
the coherent state, which is erratic since the classical map is chaotic and which 
therefore depends strongly on the initial Xq G T^ and on A: the system is in the 
orbital instability regime. Note that, in view of ( |1.2| ), equation ( [L.3| ) means that 



the Husimi distribution of the evolved coherent states converges (weakly) to the 
delta function at A^xq as h tends to 0. Changing from anti-Wick quantization to 
Weyl quantization, it is easy to see that the same statement holds for the Wigner 
distribution of the evolved coherent state as well. 



Equation (|1.4| ) shows that, at times beyond lnA^/27, the situation changes. In 
the asymptotic region where lnA^/27 << t « lnA^/7, Oj- ''^[t,N]{xo) becomes a 
constant, independent of the coherent state center xq and of the dynamics A. This 
result is a consequence of the exponential mixing property of the classical map as 
we explain below. 

Equation ( p..3|) is of course easily understood intuitively using the following simple 
argument about the evolution of coherent states. Recall first that (see also section 2) 
Mk{A)\xq, z, k) = (phase) |ylxo, A ■ z, k), where the change from z to A- z represents 
the stretching and squeezing of the initial coherent state under the classical evolution 
by a factor exp7. Hence, if t <^ ^y^ (i.e. t < (| — e)^^^), the region in which the 

coherent state lives is of maximal linear size e"'^ /\/N ^ A^~'^, which shrinks with A^, 
even though t may go to infinity. As a result, the only contribution to the integral 
in calculating ( |1.2| ) comes from the point A^Xq. 

To understand (|1.4|) , let us first recall that for the classical system one has (see 
DB|| for a simple proof of this well known fact): 



I ff{x)p{A-*x,t) dx- I J{x) dx\ <Cf (fjVp\{x,t) rfxj exp -7^, (1.5) 

for any phase space distribution p{x,t) > 0, JT^2p{x,t) dx = 1, which may depend 
explicitly on t, a remark we will use below. This means p{x, t) converges (weakly) 
to 1 and does so exponentially fast provided supi/rr2 |Vp|(x,t) dx < cxd: this is the 
property called exponential mixing, a consequence of the exponential instability of 



the dynamics. Note however that the convergence depends also on /rp2 |Vp|(a;, t) dx, 
a quantity that should be thought of as measuring the scale on which p{x, t) fluctu- 
ates: the faster the fluctuations in p, the bigger this quantity is and the slower the 
convergence in ( |1.5| ). Consider now 



/t2 2nh 

This is precisely of the form /rp2 f{x)p{A^^x,t) dx with 

\Xq^ Z^ Ki\X^ Ji. ' Z^ Kj 



p{x,t) 



27ih 



Hence p{x,t) is the Husimi distribution of the initial coherent state \xo,z,k) with 
respect to the "squeezed" coherent states \x,z' = A~^ ■ z,k): as a result, it is not 
unreasonable to expect that /rp2 |Vp|(x, t) dx is of order 1/^/h. If this were true, 
the exponential mixing property of the classical dynamics would immediately imply 
that 

\Of'^^%N]{xo)-J^J-{x)dx\ < Cf^-^^, 



yielding (|1.4| ). We will give two proofs of ( |1.4|) . The proof of Proposition |3.3| (ii) 
will follow essentially the above strategy which clearly brings out the role of the 
exponential mixing in the result, and its interaction with the natural length scale 
V^ associated to the Husimi distribution of \xo,z,k). The proof of Proposition 
|3.1[ - |3.2| is simpler, but perhaps less telling. Let us also point out that (|1.4| ) remains 
true, even if xq is a periodic point of the underlying dynamics. 

The toral automorphisms are obtained by folding a linear dynamics back over the 
torus and as a result they enjoy, both classically and quantum-mechanically, very 
special arithmetic properties | DEG1 , |KR| , Ke |. This makes them rather particular 



and it is of interest to see if a result similar to Theorem |1.1| holds for more "generic" 
chaotic systems, such as the perturbed cat maps or the baker map. This would 
ensure that the phenomena observed are not due to the special nature of the toral 
automorphisms. A partial answer to this question is given for the baker map in 
Theorem |L^ below. Our principal tool in the proof of this result is an Egorov 



theorem (Proposition [4. 3D proven for this system in [ pBDli| , which allows us to 



control the dynamics for times up to logg A^. Recall that the Lyapounov exponent 
of the Baker map is In 2. As mentioned previously, such control is not available for 
perturbed toral automorphisms, nor for any other hyperbolic Hamiltonian system. 
Writing B for the baker map and Vb for its quantization on ?-^jv(0), we have (for 
unexplained notations, see section ^): 

Theorem 1.2 Vxq G T^,V0 < e < 1, there exists a sequence Xjq = (qN,PN) ^ 
TM|x^ - a;o|| < A^-^/^ so that, for all f G C°°(T), 

hm {xN,z,0\Vs'Op^J{f)V^\xN,z,0) - f{2'qN) =0 

AT— .oo ' 

0<£<(l-e)|log2A^ 



and 



lim {x^,z,0\V^'Op^Jif)V^\xN,z,0) = C f{q)dq 

N~*aa JQ 

N<t<{l~e)log2N 

The limits are uniform for t in the indicated region. 



N~*oo 
(l+e)ilog2Af<t<(l-e)log2Af 



Comparing to Theorem 1.1, this resuh has two obvious shortcomings: the restriction 



to functions / of the q variable alone and the use of the sequences xjy. Their origin 



will be explained in section [O . 



The occurence of a transition at J-|— '■ in the qualitative behaviour of the matrix 
elements above is directly related to the choice of a coherent state as an initial state. 
To illustrate this, we also study the behaviour of (e^, M^(A)-*Op^J(/)M«(A)*ep 
(section |3]^), and of (e^, V^*0p^^^(/)\4ep (section |), where the e^ are the "po- 
sition eigenstates" in Hh{n) (see section ^. In the case of the cat maps, if one 
applied the same heuristic reasoning as above (based on ( [L.5|) ), one would conclude 
that the mixing regime should set in no later than for times of the order ^y^, since 
the Husimi distribution of the position eigenstates still has a spread of the order of 
\/h in the g-direction. In fact, we will prove in section |3.3| that for all sequences 

J7V(1 < JN < N) 

hm (el, MMVOpZU)MMYel) = f ^ f{x)dx, (1.6) 

the limit being again uniform with respect to j^: in other words, no orbital instabil- 
ity regime is observed here, mixing sets in as soon ast ^ oo. This results, intuitively 
at least, from a suitably adapted version of ( p..5| ), proven in section ^, together with 
the observation that the phase space distributions of the position eigenstates are 
completely delocalized in the p-direction. 

In the case of the baker map, the opposite phenomenon occurs: in this case, no 
mixing regime is observed for (e^ , V^*Op^^(/)V^ep at times shorter than | log2 h\. 
For a detailed statement we refer to Proposition |4.2| (i). This result can again be 
understood in terms of the interaction of the mixing properties of the classical map 
with the support properties of the initial position state, the support of which is now 
exactly lined up with the stable manifold of the classical baker map. 

As mentioned above, manifestations of classical chaos in the corresponding quan- 
tum system have been searched mainly in the energy domain. Nevertheless, several 
papers [[§ |BB|, [BBTV| , |BV|, |CC|, |GT|, [GTHj [THI , g have analysed the behaviour 



of the Wigner function of semi-classically evolved initial states with initial support 
either in a point, such as coherent states, or on a Lagrangian submanifold, such 
as position eigenstates, and compared them numerically to the Wigner function of 
the quantum mechanically evolved states. The general picture that emerges from 
these studies is as follows: for times that are not too long the semi-classical ap- 
proximation should be valid and is itself determined essentially by the behaviour 

6 



of the support of the Wigner function of the initial state under the classical flow. 
The results of the present paper, as summarized above, corroborate this picture by 
proving some rigorous statements in this direction on a few simple systems, for times 
up to I ln/i|/7. As an example. Theorem |L1| shows that the Husimi distribution of 



the quantum mechanically evolved coherent state {i.e. ^^"^"'^'"^^ — ^ — '^''^'^ ) can not 
be distinguished, as h goes to 0, from the classically evolved Husimi distribution of 
the initial coherent state {i.e. , '^^o,z,k\^^^x,z,k}\ -^ ^^^ times up to ^^^. The change in 

behaviour of either of these quantities, at times of the orderof ^y^ is entirely due to 
the interaction of the exponential mixing of the classical dynamical system with the 
uncertainty principle which forces the initial Husimi distribution to have a spread 
of size y/h. 

In addition, we exhibit one extra phenomenon: a slightly longer time scale on 
which the above picture breaks down, in the sense that the semi-classical or quantum 
evolution does no longer stay close to the underlying purely classical evolution. 
Indeed, we show in section ^]2| that, in quantized cat maps, the classical-quantum 
(and hence the classical-semi-classical) agreement breaks down "a little later than at 
I In ^1/7", that is to say at times of order |^^^. More details, as well as an intuitive 
explanation of the phenomenon can be found in section R?^. 



It is important to add a few words of caution: we want to stress that our results 
have nothing to say about the problem of the existence or not of a so-called | ln^|- 
barrier, i.e. a time scale of the form a-^^ {a > 0) beyond which semi-classical 
approximations to the quantum evolution may break down [^, |BIJ| , |BBTV , BV 



0T| , PTH) , P?II|| . What we have shown here is that the exponential mixing of the 



classical dynamics manifests itself in the quantum system already on time scales 
short enough to be accessible to semi-classical approximations. In other words, 
the phenomena we exhibit are taking place before such a breakdown - if any - is 
expected to occur. At any rate, the cat maps being linear, for them semi-classical 
approximations are exact at all times, and their study can not shed light on the 
above problem. For the baker map, we show that the semi-classical evolution of the 
Husimi or Wigner distributions of a position eigenstate (Proposition |4.2| (ii)) and of 
a coherent state (Proposition [4.1| (ii)) agrees indeed with the quantum mechanical 
one for times up to log2 h, as expected. 

At the risk of belabouring the point, we repeat one more time that we have not 
been able to exhibit a time scale on which the agreement between the semi-classical 
and the full quantum evolution breaks down. 



2 Kinematical estimates on the torus 

The kinematic framework of quantum mechanics on the two-torus T^ (with coor- 
dinates {q,p) G [0, l[x[0, 1[) as well the quantization of the toral automorphisms is 
well known. We briefly recall the essential ingredients, following |Po| , PDB2|| , where 
proofs omitted here, as well as references to the original literature can be found. 



First, recall that the quantum Hilbert space of a particle on the line is L^(R). 
Moreover, to each classical observable f{q,p) (/ G C^(R^)), Weyl quantization as- 
sociates a quantum observable Op^{f) defined by 

Op^(/) = ///(a)f/(a)^,where/(g,p) = //(a)e~/^^'^^~°^'^ ^, (2.1) 

— — (aiP — a2Q) 
and where U{ai,a2) = e "■ are the phase space translation operators 



in the usual notations (see | |BDB2| for further technical details). In particular, if / 



is periodic of period 1 in both q and p, one readily concludes that 

Op^(/) = E fnUi2nnn„ 27:hn,), where / = ^ U^^'^^^^ ' ^^P) . (2.2) 

neZ2 n 

We will always suppose X^n \fn\ < oo and shall write 

/G^fciffEl/nlll^f <oo. (2.3) 

n 

For ^, ?7 G R^, we introduce the notation {i,rf) = ^iri2—^2Vi ^^^ Xii^) = ^xp 27ri(x, C,). 

One constructs the quantum Hilbert space of states by searching for states ip 
having the symmetry of the torus, i.e. states periodic of period 1 both in the 
position and the momentum variable: 

f/(l,0)V' = e~^^i^ [/(0,l)V^ = e^'^2^, (fi:i,K2) G [0,27r) X [0,27r), (2.4) 



where one allows for the usual phase change. The space of solutions TLni.f^) to 

is a space of tempered distributions of which one proves readily that either it is 

zero-dimensional, or there exists a positive integer N so that 

2ti?iN = 1, (2.5) 



in which case it is iV- dimensional. Equation (|2.5|) will always be assumed to hold in 
the rest of this section. 

Condition (|2.5|) is equivalent to [U{0, 1), f/(l, 0)] = 0, so that ( p.4|) is nothing but 
the problem of simultaneously diagonalizing U{0, 1) and f/(l, 0). Since their spectra 
are continuous, this leads to a direct integral decomposition of ^^(R): 

p27T /'27T rj Lr fl'K I'l'K rj t^ 

L\^) = / / 77^ ^M ' ^ = / / iPv, ^i^)- (2-6) 

Jo Jo (27r)2 JO Jo (27r)2 

This equips each "term" Tinin) with a natural inner product. For each admissible h 
(i.e. 2'nhN = 1), the spaces Hnit^), indexed by k, are the quantum Hilbert spaces of 
states for systems having the torus as phase space. An orthonormal basis for 7in{K,) 
is given by the position eigenstates {e^}^^, where 

-](v) = Jlj:e"'^^Hv-£^-j^-n) V^R- (2.7) 



The following unitary representation of the discrete phase space translations 



.N' N, 
is obtained by restriction of U{'j^, ^) to TCnin)- For each ip G iS(R), we have that 

{e]M'^)) = ^ E e->(^ + ir - ") • (2.9) 

For later use, we introduce the vectors tj G -^^(R) that are the direct sum (see 
( p.6|) ) of the position eigenstates e^ G Tini^K). 

Lemma 2.1 Let ej G ^^(R), j = 0, . . . , A^ - 1, be defined by ej{x) = y/N ifj/N < 
X < {j + l)/N and otherwise. Then 

dn 

e (2^ 



^^ ~ L ('9-^^2 ^3 ■ 



Proof. A direct computation shows that for each ip = J^ t2^ ^('^) one has (e^, ^Ij) = 
/d«:/(27r)2(e^-,^(K)).. 

Turning now to the quantization of observables, since for each / on T^, the 
commutator [Op^ {f),U{k,t)\ = 0, it is clear that, for each k, Op^{f) Hnin) C 
Hnin) and hence 



where Op^{f) denotes the restriction of Op^{f) to Tin^K). We conclude from ( p.2|) 
and (|]5|) that 

op»'(/)=i:/..c/„fe|). 

We will make extensive use of coherent states in our analysis. Recall first the 
definition of the standard Weyl-Heisenberg coherent states. For 2; G C, and Imz > 0, 
they are defined, for each x = {q,p) G R^, by 

f Imz\ 4 — zy 

voAy) = [-^) ^2^ ' ^-M = iu{q,p)m,z) [y) = {y\x,z)yeR, (2.11) 

in the standard manner. We will systematically use the bra-ket notation of Dirac, 
i-e. rjx^ziy) = (y I x,z). Furthermore we recall here the explicit formula for the 
scalar product between coherent states {x = {q,p), x' = {q',p')) 

i 1 

-—iqp' — pq') -rix — x' Biz, z'){x — x')) 

{x,z\x',z') = F{z,z')e2h^^^ ^^ ' e 2h^ ' ^' '^ '\ (2.12) 



where, F{z,z') = {liaz liaz'Y^^/ J{z' — z*)/{2i), and 



. M_ 1 / tz*z' -^{z' + z*)\ 

^^'^' z'-z*[ -^{z' + z*) I j ■ 

li z = z' then B{z) = B{z, z) is a positive definite matrix; we will denote by (3+{z) 
(/5_(z)) its greatest (smallest) eigenvalue. 

The following property that generalizes the resolution of the identity for coherent 
states is valid for each ipi,ip2,4>i^4>2 ^ L'^(R): 

dx 



R2 2-Kh 



(^i|f/(x)0i)(f/(a;)02|V^2) = mi^2)m<Pi) . (2.13) 



The coherent states \x, z^ k) are defined on the torus implicitly by 

/.27r r'i-^ dn , , , . 

They still satisfy an analogue of the generalized resolution of the identity. 

Lemma 2.2 For i = 1,2, let ipi^^Q ^ 'HnIi^o), (t>i ^ '5(R). // we denote by 
J dk/{2TT)^[U{x)(f)i]{K,) the integral decomposition ofU{x)(f)i for x G T^ , 
we have 

dx 



/t2 2'7lh 

Proof. Recall from ||BDB2|| that the map 



S{k) = (y^ exp —iK2m [/(0,m))(^expmin f/(n, 0)) 

-m n 

defines a surjection of the space of Schwartz functions iS(R) onto Hnin) C i5'(R). 
Let (p,^ e S(R) and write, as in (^), ^ / ^ ^(k),^ = / j^ V'(/«)- Then, as 
a simple calculation shows. 



where Xi = ^ + j^: and 



i' (y) = X! expi^in ipdi — n). 






As a simple inspection shows, the matrix element {(J){k),iP{k)) is a smooth period 
function of k, and, as a result, is pointwise equal to the sum of its Fourier series. 
These observations can be used to justify the following formal computation. Let 
ipi G 5(R) such that S{Ko)ipi = ^j,ko- Then we have 

dx 

{^^,J[U{x)<P,]{^o)){mx)<P2]{^oM2,J = 



T2 27Th 
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V^ iTTN{inim2+nin2) i({mi+ni)Koi — {m2+n2)K.02) 
mn 

dx 

y2^inNs^S2^t{s^n,n~S2^02) / ^^^p^^ + x)(Pi) {Uix + m)(P2\U (.3)^2) 



Given / G L°°(T^), the anti-Wick quantization Op'^Y(f) of / is the operator on 
TCni^K) defined by 

OptJ{f)= fj{x) \x,z,k){x,z,k\^. (2.15) 



One has BDB2 



Id^.W = ^ |x,z,«:)(x,^,«:|||; Opf^if) = f ^, Op^Jf. (2.16) 

In the following lemma we collect a useful relation between Weyl and anti-Wick 
quantization. 

Lemma 2.3 Let z & C, with Iraz > 0. 

(i) [Plane] For each (fi G L'^{I{.),i = 1,2, /5 G R^ we have that 

{Vi\0pf'^{x^)\^2) = {27rn(3,z\0,z){^,\Op'^{xp)\^2) • 
(ii) [Torus] For each ipi^f^ G TiNi,!^), [3 e7? we have that 



Proof, (i) The result comes from ( ^.13^ with 0i = |0,z), 02 = f/(27r/i/9)|0, z) 



■01 = </?!, ^2 = U{2TchP)(p2. Point (ii) is proven exactly as in (i) using now Lemma 
(PD with 01 = |0,z), 02 = f/(/3/iV)|0,2;), V-i,. = <^i,K and ^'2,. = U,iP/N)if2,.. . 



Let us introduce some notation. If s G R, then we denote by p{s) the nearest 
integer to s; if s = m + 1/2 is a half-integer {m G Z) then p{m + 1/2) = m. With 
some abuse of notation, we write p(^) = {p{C,i) , p{C,2)) G Z^ for (^ G R^. 

We end this section with two propositions collecting a few simple but crucial semi- 
classical estimates on the Weyl quantized observables and the Husimi distributions, 
respectively. 
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Proposition 2.4 Let z & C, with Iraz > 0. (i) For each function f G £1,0, for all 
X = {q,p),x' = {q',p') G T^, we have that 

{x,Z,K\OpY{f)\x',Z,K) = Y. (-)^"^i™2gi7r7V(my>g-i(miM-m2/c2) 



meZ^ 

{x, z\Op^{f)\x' — m, z) . 



(a) For all n in Z , for all x E T , we have that 



where 



{x,z,n\U,{^)\x,z,^)= Y: C(x)e-(™^''-"^^«^) 

^^ meZ2 



c™(x) = Xn-Nmi^) (-)^"^i"^2e-*^<"^'">e-"^("-^'^(^)('™-^» 



(Hi) There exists C > such that for each n eT? and for each x G T^ the following 
inequality holds 

nN(3_(z) 



{x, z, k\U^{^)\x, z, k) - c^(^)e-*(H^)-i-P(^)''0 



< Cexp 



Proof. Part (i) is easily obtained by calculating the Fourier coefficients of the func- 
tion (a;, 2;, /t|Op)f (/)|a;', z, k) in k. Indeed, for m e7? let 

c-U) = l,^ (|^(x, z, -\OpY{f)\x', z, .)e^(-i'^i - ^^-^) . 

Then, by using the direct sum decomposition of L^(R), of the coherent states and 
of Op^{f) we have 

^"(^) = f,7%{x,z,K\Op'^{f)U{-7m,0)U{0,-m2)\x',z,K) 

= (-)^™^-2e-^<-'-'> J^^ ^(x, z, K\OpY{f)\x' - m, z, k) 

^ ^_^Nm,m,^iNn<my>^^^ z\Op^ {f)\x' - m, z) . 

(ii) This is obtained from (i) using the explicit formula of the scalar product between 
two coherent states on the plane ( p.l2| ). 

(iii) According to the definition given in ( p.l2|) we have that 



\{x,z,K\U,i-)\x,z,K)-c:^^^e-M"^)^^'Pi^)^-)\ < Y e--^("^-^'«(^)("^-t)) 

The result then comes from the following inequality: let a > and Xo = p{xo) + fo ^ 
R, with < 1/0 1 < 1/2; then we have 






e 21 



— (e 2/° + e2-^°) < 



1 — 62 X_g2 
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Notice in the above proof that it is convenient to estimate various K-dependent 
quantities - which is an a priori difficult task - by estimating the terms of the 
corresponding K-Fourier series expansion, written in terms of quantities defined on 
the plane which are often easy to calculate. This technique will be extensively used 
in the rest of the paper. 

The following estimate makes precise the statement given in the introduction 
about quantum fluctuations of the Husimi distribution of a state ip, both on the 
plane and on the torus. 

Proposition 2.5 Let z E C, Im z > 0. 

(i) [Plane] For each ip G L^(R), we have that 



l^jd,mx,z)\' 



dx 

^27ih 



< z 



h Imz 



< 



h Imz 



(M)[Torus] For each kq G [0, 27r) x [0,27r), ip^o ^ '^Af('^o) we have that 



\dq\{i^Ko\x,z,Ko)\^\7r^ 

T2 ZTCh 



< 2\z\ 



liaz 



u 



KollWj, 



|9p|(^«Jx,Z, /to)P 



dx 



< 2i 



IttN 
Imz 



■^i^oWrir 



Proof, (i) By direct computation we obtain that {x = {q,p)) 



dqr]x,z = -^prix,z - ^U{x)Q r]o,z , dpi]. 



■z,x - ^(lVz,x + tU{x)Q ri^fi , 



so that 



d,mx,z)\^ = -Im[z{x,z\ij){^\U{x)Q\0,z)] 
dpMx,z)\^ = -'^lm[{x,z\ij){ij\U{x)Q\0,z)] 



(2.17) 



Then we have 



R2 



\d,mx,z)\' 



dx 
2nh 



2 , , 

h Jr2 

2 , , 

h jR2 



\x,z){ij\U{x)Q\0,z)\ 



x,z)\' 



dx 
2^ 



l\z\\\^f\\Qr^,J , 



1/2 



dx 
2^ 



n IT 



1/2 
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where we used (|2.13| ). The result then follows from ||(5?7o,2 



2Im2' 



(ii) By using the Fourier transform in k it is easy to show that the analogues of 
equations (|2.17|) are still valid in Hn{KQ), i.e. 

dq\{'4)^o\x,z,Ko)\'^ = AttN lm[z{x,z,Ko\ip^Q){'4j^g\[U{x)Qr]o,z]ifio))] 
dp\{i>^o\^,z,Ko)\'^ = -AttN lm[{x,z,K,o\'il>^o){'^Ko\[U{x)Qrio^z]{no))] , 

where [U{x)Qriz^o]{K) = S{K.)U{x)Qrizfi. The result is then obtained exactly as in 
(i), by the use of Lemma |2]^. ■ 



3 The quantized toral automorphisms 

Recalling the quantization of quadratic hamiltonians on R^ it is easy to be convinced 
that to any linear map specified by A G SL2(R) Weyl quantization associates a 
unitary propagator in i^^(R) 

{M{A)^){y) = (^^^j Jdv eh ^^^'''V(^) , (3.1) 

where Sa is the classical action associated to A (see for details). A fundamental 
property of Weyl quantization with respect to this dynamics is the absence of an 
error term in the so called Egorov theorem, meaning that "quantization and evolution 
commute", i.e. 

M(A)"*Op^(/)M(A)* = Op^if oA')\/tEZ. (3.2) 

The quantization of A G SL2(Z) on the torus is straightforward. It turns out that 
for all A^ there exists k such that M{A)TCn{i^) C 1-Ln{k) (see |[BDB2|| for the equation 



that K must satisfy). We shall write M,^[A) for the restriction of M[A) to 7ijv(/€). 
From this construction it follows that ( |3.2| ) holds for Op^{f) as well. We finally 

recall that M{A) \x,z) = e^^^^' \ Ax, A ■ z) where A- z = {za22 + a2i)/{zai2 + an) 
(closely related to the usual homographic action), and where 0(A) is a phase we 
don't specify. As a result, 

M^{A) I X, z, k) = e^<^(^) \Ax,A- z, k). (3.3) 

3.1 The proof of Theorem |1.1| 



Our strategy for the first proof of (|1.3| ) and ( |1.4D will be as follows. We will first 
consider 



■\W,Ku AT-U™ N /„ ^ .jA/r l^\-^r^J^l 



Of^[t,N]{xo) = {xo,z,K\M^{k)-'Op':{f)M,{ky\xo,z,K) (3.4) 
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rather than O j '''[t, A^] (xq) (see (|1.1D) and prove the results for those objects (Propo- 
sitions p.l[ - p.2|) . Equations (|1.3|) and ( |1.4| ) then follow immediately from the obser- 
vation i|BDB2|| that 



iiopfj(/)-opr(/)ii<c,i. 



To study the limiting behaviour of Or ''^[t, A^], we proceed in two steps: first, we 
show the limiting behaviour of O t ''^[t, N]{xo) is identical to that of 

Of [t,iV](xo) = (xo,z|M(A)-*Op'^(/)M(A)*|xo,^) (3.5) 

for times up to ^^-^ (Proposition |3.2| ); here M(A) is defined in ( p.l| ) and the coherent 
states \xq,z) in ( [^.111 ). Hence the problem is reduced to the analysis of the limiting 
behaviour of Oj^[A^, t], which is essentially trivial since M{A) is just the quantization 
of the ordinary linear dynamics on the full phase plane, rather than on the torus 
(Proposition p.l| ). 

Let A e SL2(R) with |Trv4| > 2. We write Av± = X^^v±,X = exp7 > l,v± = 
(cos6'±, sin6'-i-) for the eigenvectors and the eigenvalues of A. We will always write 
A^ = l/{27rh), although A^ will be assumed to be an integer only when we deal 
with the quantum map on 1-Lm{k) (in which case automatically A G SL2(Z)), in 
Proposition 



Proposition 3.1 Let z E C, with liaz > 0. 

(i) Let A G SL2(R) with \TtA\ > 2. Then, for each f G ii^2, there exists Cj > 
such that\/xo G T^ 

,2t 



OY[t,N]ixo)-ifoA'){xo) <Cff3+{z^ 



N 



(ii) LetAe SL2(Z) with \TtA\ > 2. /// G h^k, {k G N*) then there existCf^i,Cf^2 > 
such that Vxq G T^ and V (t, A^) 



- 2 



^2t 



Oy[t,N]{xo)-J^^dxf{x] 
where c+ = Max{ | cos 6*+ 1 , | sin 6*+ 1 } . 






Proof, (i) Since x^{^) = 6xp 27ri(a;,,^), we have Op^{xi) = U(,^i/A^, ^2/A^) and 
hence we obtain, using ( p.l2D , 



71 

Of [0, Ar](xo) = e2^^<^0'^)e"iV^^'^^^^^^ . (3.6) 



Using (§3), it then follows that Of [t, A^] = Of ^ [0, A^] where ^t = A'^i . As a result, 
if / = En fnXn, then 

TT 

Oj[t,N]{x,) = Y: U iV^ *' XnAxo) . (3.7) 



neZ2 
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Using (^.71) we have that 



TT 



OY[t,N]{xo)-foA\xo) < El/nl(l-e^ 



- — {nt,B{z)nt) 



) 



neZ2 

< ^E \fn\in,,B{z)n,) 
iez2 



< 



A^ 



where we used the inequahty 1 — e ^ < y, for each y > 0. The result then follows 
from the properties of ||A~*|| and from the regularity of /. 

(ii) We recall that s+ = cot 9^ is a quadratic irrational. The basic properties of 
quadratic irrationals that we will use can be found in ||Kh|| . Using the Schwarz 
inequality we have that 



A~'n 



> 



{v^,A *n) = {A^v+,n) = A*| sin6'+||ni — ^25+ 



and from (3/7) we obtain the following estimate 



A 



2t 



OY[t,N]{xo) 



dx f{x] 



,^^ — 7r/5_ (z) — sin"' 6:\ni — UoSa. i 



Without loss of generality suppose that s+ > 0. It is convenient to divide the sum 
in two parts, Ji and l2- In Ji we sum over rii ■ n2 < 0, from which we easily obtain 
the exponential term in the estimate. To discuss I2, we recall that since s+ is a 
quadratic irrational, there exists a constant C > such that Vni, ri2 > 



\ni - 5+722! > 



Cn2 



Then, 



-7rp(z) 



y' sin^ 9^ 



h< Y. (l/ni.nal + |/-ni,-n2l)e 
ni,n2>0 

We then obtain the final estimate using the inequality exp(— x) < C^/x*"', valid for 
some C^ > and for each x > 0. ■ 

From now on, A^ = 1/{2ttK) is an integer and let Tinin) be the Hilbert space 
defined in section 2. The key observation allowing a simple analysis of the behaviour 
of Of ''^[t,N] in the (t, A^) -plane is the following proposition, which shows that for 

times t << ^2^, Oj ''*[t,iV] is close to 0]f [t, A^], so that its behaviour can be read 
off from Proposition |3.1| above. 

Proposition 3.2 Let z E C, with Iraz > 0. If f E C-i^k, then there exist C/_i, C/^2 > 
such that for each xq G T^ and all t, N 



^W,K 



OJ-'{t,N](x„)-0';[t,N](x„) 



<^'4'n 



TlN 

+ C/,iexp -rP-i^) ■ 
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Proof. Using the inequality of Proposition ^]^(iii) and recalling that c° = Or^ [0, A^] , 
it is easy to find Cf^i such that 

OY^%N]{xo)-OY[t,N]{xo)\ < C;,ie-^'3-(^) + 

n 

Because p{x) ^ only if |a;| > 1/2 the sum is limited to n such that \nti/N\ or 
|n(2/A^| > 1/2. Then, we have 

Oy'%N]{xo)-OY[t,N]ixo)\ < C^,,e-^^-(^) + 2 ^ |/„| 

||A-*n||>f 



< C,,ie-^^-(^) + 2El/.| 



/9ll /I 

< Cne-— ^-(^) + 2 



AT 



2p-*n 

aT" 



El/n 



\n\ 



It is now clear that the results of Propositions p.l| and |3.2| imply Theorem 1.1 



We now give a more direct proof of the mixing regime of Theorem |1.1| for the 
Husimi distribution, based on the intuitive picture presented in the introduction and 
in particular on ( |1.5|) . 



Proposition 3.3 Let z e C, (Imz > 0), and A G SL2(Z), with TiA > 2. 
(i) Let f G £i_i. There exists Cf^A > such that Vxq G R^, h,t > 0, 

\z\ + l 1 



\{xo,z\M{Ar'Opf^{f)M{Ay\xo,z) - / dx f{x)\ < Cf,^ 



y/lraz X^yU 



{ii) Let f G ii^k, with k > 1. There exist Cf^A, Cfi, Cf2 > such that Vsq G T^, 
iV, t > 

\{xo,z,K\M^{A)-'Op^Y{f)M^{Ay\xo,z,f,) - f_dx /(x)| 



N 



N 



T2 
k 



<Cf,A^ + C,,{-] +C,,e-^^-(^)/^ 



Proof.{t) Let f, = En /i,„Xn e £i,i (with J^^dx h{x) = 0) and h G C-(R2) 
such that /j^2 dy [\dqf2\ + |9p/2|] < oo. Adapting the proof given in Theorem 4 of 
||DB|| it can be shown that 

I j dy UioA%y)Uy)\ < C aX-\T. \ hnlM) f dy [\dj2\ + Id^] , 

for some Ca > 0. Then, if /rp2 / = 



R2 



rfl/(/°^*)(l/) 



tN/ ^\{y,A *-^ko,^)P| 



27r^ 
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,,, A{Q,A-'-z\xQ-y,z)\\ 



R2 



R2 



d^ if o A'){xo - 



27ch 
27ch 



< Ca{J2 \fn\\\n\\)X-' f ^ dy [\d,h\ + \d,h\l 



where /i(^) = |(0,yl * ■ z\^,z)\'^ /{2tiTi) is the Husimi distribution of \ip) = \0,A *z). 
The result then follows from Proposition p.5| (i). 

{ii) The only difficulty to repeat on the torus the estimate given under {%) comes 

from the fact that \{y, zi, k|x, 2:2, k)P 7^ |(0, zi, k|x — y, 2:2, ^t)!^- Indeed, 

(xo, ^, K\M{A)-'OpiJ{f)M{AY\x,, z, k) = 

''^ -^^+ dyG{xQ,z-y,A'-z){foA'){y), 



dyifoA'){xo-y) 

where G(x, 2;i; y, ^2) = N{\{y,Z2,K,\x,Zi, k)\'^ ~ \{0,Z2,k\x - y, Zi,k)\'^). The first 
term can be evaluated as in part (i), using this time Proposition ^3] (ii). Let 
G(x, Zi] y, Z2) = J2i3 G/3{x, zi, Z2) expz27r(/3, y). By using the definition of anti-Wick 
quantization we easily rewrite 



G(3{x,zi;z2) = {x, zi, K\Op^^,^{xp)\x, zi, k) - xp{x){0, Z2, K\Op^^^^{x*f3)\0, Z2, k) . 

By subtracting the same quantity calculated on the plane, which is zero, and by 
using Lemma p.3| we finally have 

Gf3{x,zi;z2) = {—,Z2\0,Z2) [{x,Zi,k\OpY{xp)\x,Zi,k) - {x,zi\0p^{xp)\x,zi) 
-Xf^{x){0,z,\^,z,)[{0,Z2,n\Op'^{x;)\0,Z2,K)-{0,Z2\Op'^{x;mz2) 

After some simple calculation we can finally write {(3t = A~'^f3) 



^dyG{xo,z;y,A ' ■ z){f o A'){y) = 
^f,3{—,z\0,z) [{xo, z, K\Op^ {xi3t)\xo, z, k) - {xo, z\Op^ {xpJ\xo, z) 

^^ 



I AT' 



T.fpXpAxo){0,z\^^,z) {0,z,k\OpY{x})\0,z,k)-{0,z\Op'^{x})\0,z) 



The result then follows by making use of Proposition ^]2 



3.2 The Period of the Quantum Map 



It is natural to wonder if (1^) holds beyond ^^-^ and in particular if it holds possibly 
for times that are polynomial in A^. We shall show (see (|3.11|) - (|3.12|) ) with an 
example that the mixing regime may break down on a time scale which is only 
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logarithmic in N, thereby showing that on this scale the agreement between the 
classical and quantum or semi-classical evolutions breaks down. 

The intuitive "proof of ( |1.4|) given in the introduction, which is based on ( |1.5|) , 



does not predict any breakdown of ( |1.4| ) at long times. It is possible to get an 



intuitive understanding of the breakdown of the mixing regime using the uncertainty 
principle as follows. First remark that, given any ip G T-CnIk), the support of its 
Wigner distribution has, due to the uncertainty principle, necessarily a linear size of 
the order of at least h in all directions: indeed, from AXAP > h and AX, AP < 1, 
one concludes AX, AP > h. Consider now M(A) \x,z,k); we expect its Wigner 
distribution to have a spread of v^exp 'jt along the unstable direction and therefore 
to wrap around the torus as soon as v^exp7t >> 1. The transversal distance 
between the successive windings so obtained can be estimated by \/h exp —'yt. 
When this distance becomes less than h, the support of the Wigner distribution of 
M(A) \x, z, k) can no longer separate the separate windings, because of the previous 
remark, and as a result one expects the classical evolution picture may break down 
at such times, given by ^/h exp — 7t ~ /i or t ~ |^^~"^- We shall now exhibit 
precisely such a phenomenon for the quantized cat maps. 

For that purpose we consider A such that either ai2 = 1 or 021 = 1 and [an] 2 = 

[022] 2 = (we use the notation [x]n = x modn, both for numbers and matrices). 

We know that k = gives an admissible quantization; furthermore it was shown in 

HB] that the corresponding quantum map Mo{A) is periodic with period n{N) 



Min It I Mo{Ay = e^'^^ , 0jv G R k These periods have been studied in [|Ke|| , were 
it is argued that they behave "on average" linearly in N, but with great fluctuations 
about this average. It is of course clear that the "mixing regime" must break down 
before the period. In the following we will show that there exists a sequence N2k+i 
of values of N for which the period is extremely short: n{N2k+i) ~ 2 " ^'"^^ , leading 
to the announced result. 

We will need the following simple formulas for A. If we call A the biggest eigen- 
value of A, we know that for each t G N+ 

A* - A~* 
A* = ptA - pt-i , Pt+i = Tr(A)pf - pf_i , where pt = _ ^ . (3.8) 

We also introduce T/v = Min {t \ [^^Jat = 1 } • We denote by A]\f the matrix with 
integer entries such that A'^'^ = 1 + NA^. Then, following gB|, n{N) = T^ ii N 
is odd or if N is even and [(A7v)i2]2 = [(^iv)2i]2 = 0; otherwise n{N) = 2Tn. We 
finally define for k G N+ 

Nk = Max {n I [A'']n = 1 } , (3.9) 

and we prove the following result. 

Proposition 3.4 For each k G N+ we have that T^^ = k and 

N2k = 2pfe, N2k+i =Pk+ Pk+i ■ (3.10) 
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Proof. Using (^.81), we see that Nk is the greatest integer such that 

[PfcOll - Pk~l - l]Affe = [pkai2]Nk = 

[Pka22 - Pk~l - l]Affe = [pka2i]Nk = , 

or, because of the hypothesis about the off-diagonal terms of A, [pk]Nk = , 
[pk-i]Nk = ~1- This means that Nk is the greatest common divisor of pk and 
Pk-i + 1, i.e. Nk = {pk,Pk-i + 1). We are going to show by induction that, for 



each s = 0, . . . ,k — 1, 



Nk = {pk-s+Ps,Pk-{s+l) +Ps+l] 



Since Po = and pi = 1, this is clearly true for s = 0. Supposing it is true for s, we 
have 

Nk = {TrApk-s-i - Pk-s-2 + Ps, Pk-s-i + Ps+i) 

= {TrA {pk-s-i + Ps+i) - TrAp^+i - Pk-s-2 + Ps, Pk-s-i + Ps+i) 

= {Ps+2 + Pk~{s+2), Pk-(s+l) + Ps+l) , 

so that it is true for s + 1. In the third line we used the identity (a, ca — b) = (a, b), 
valid for all a, b, c, and formula ( p.8|) . 

If fc = 2i, then, setting s = i in the above formula, we have 

N2e = (2p^, pe-i + Pe+i) = {2pi, TvApi) = 2pe; , 

because TrA is pair by hypothesis. If A; = 2£ + 1, then A^2£+i = Pi + Pi+i ■ For 
each k we have that [^^JAf^. = [A-^^ftjjv,, = [A^^fcJTv-r = 1. From the definition 
of the period we have that T/v^. < k and from the definition of A^^ it follows that 
Nk < ^Vtjv • Since the sequence {Nk} is increasing (see (|3.8|)-( [3rT0| )) we conclude 
that T/Vt > k and hence that T/v = k. ■ 



Since [TrA]2 = 0, we have that [p2k]2 = and [p2fc+i]2 = 1, so that [A^2fc+i]2 = 1. 
Using the results of Proposition p.4| , it then follows that 2/;; + 1 is the quantum 
period for A^2fc+i = Pk + Pk+i-, i.e. n{N2k+i) ~ 2 " ^''+^ . Keeping in mind that 
M{A)-^ = M(A-i), so that M(A)* = M(A)*-"(^2^+i) = M(A-i)"(^2^+i)-*), (0 < 
t < n{N2k+i)), we can apply ( |1.3|) and ( |1.4|) to A^^ to conclude that if we perform 
the limits running only over A^2fe+i5 we have 

hm Of'^%N2k+i]{xo)= [ f{x')dx' (3.11) 

hm \0J'^%N2k+i]{x,) - (/o A*-'^(^-+^)) (xo)| = (3.12) 

fc— ^oo '' V / 
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fc — yoo 



Equation (p.l2|) clearly shows the breakdown of the mixing regime for times beyond 



SlnJV 

2 7 

it remains valid for much longer times, as the classical intuition would predict. 



2^^^, in the cases considered here. It is of course still possible that, "generically" , 
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3.3 Position eigenstates 

In this subsection we study the Wigner and Husinii distributions of evolved posi- 
tion eigenstates by studying the matrix elements (e^,M(A)~ Op^(/)M(A) ep and 
(ej^,M(A)"*Op^J(/)M(A)*ep in the limits t ^ cx) and A^ ^ oo. If we applied 
the heuristic argument of the introduction to this case, we would conclude that the 
mixing regime should set in no later than at times of order ^^. As a matter of fact, 
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it sets in much sooner, as Proposition ^]6| shows. We need the following preparatory 
result. 

Lemma 3.5 For each f G £i^k, there exist Cf > such that for each N,t > 0, 
j = 0, . . . N — 1 and \J\ < N/2 we have that 



|{eJ,„M(A)-'Opr(/)M(A)'e-) - j" dp(J o A')('^it±M±I^py2.j, 



< Cfl^^j . (3,13) 

Proof. Using the Egorov theorem and (|2.8|) we find that 

n 
— \^f.t/7 ^r .p-i^irixi^n2(J+Nnx)i{K2+2-KJ)^ 



It is clear that the integral in ( |3.13| ) is obtained posing ni = 0. The remaining terms 
are easily estimated: 



2J \fAt{J+Nnj_,n2)\ < zl If- 



A^n\ 



N 



It II II \ iV 



^ V^ / ^ ''' \ \ r I ^ ^ H^ \ V^ II llfel r I 



Proposition 3.6 For each f G ii^k, there exist C/,i,C/^2 such that, for all t,N, 
j = 0, . . . ,N — 1, one has 



\{e]M^r'OpYif)M{Aye]) - I^Jx f\ < Cf,^ 



\A-m\ C 



k 



+ 



AT y A*'^ 



Proof. From ( |3.13| ) it is clear that it will be enough to show that it exists C/^2 such 
that, for all < g < 1, 

\foA'){q,p)dp-J^J{x)dx\<^. 
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Indeed, 

rl 



f {foA'){q,p)dp- f J{x)dx\ < El/A'(o,n)|< E I/' 



n^O ||ml|>A«|cose_| 



- \tk\ r.^^a ifc Z^ '•''"I 



\m\ 



\k 



A*'^ I cos 6'_ I '^ 

where we used the inequahty ||yl*(0,r2)|| > |(f_, yl*(0,'n,))| > A*|cos0_|, vahd for 
each n 7^ 0. ■ 

It is clear that we actually have, for any sequence 9n -^ oo, 

hm {e],M{^r'OpY{f)M{AYe]) = f f{x) dx . 

Therefore there is no "orbital instability regime" for initial position eigenstates, but 
this is easily understood in terms of the classical dynamics applied to the support 
of the initial Wigner distribution. 



4 The Quantum Baker Map 

4.1 Presentation of the model and of the results 

The Baker map is a discontinuous map B on the torus, defined on x = {q,p) G T^ 
by 

\ i?„x + (-1,1/2) gG]l/2,l] ' ^^-'^ 

where Bo is the linearized map given by 

ill)- 

The following relation concerning the action of B on the characters Xn, n E Z"^, will 
be crucial: 

X2ni,n2 O B = Xni,2n2 ■ (4-2) 



With the usual assumption [A^]2 = and posing k = (see ||BV|| or ||DBDE|| and 



further references therein for the general scheme) the quantization of B is given by 
the following unitary operator on Hn = 'Hn{0): 



Vb = J'n ° 



-1 ^ ( J^N/2 

J^N/2 



ki 

1 -i2iT — 
where {J-'N)k,£ = — e N are the matrix elements of JF in the position eigen- 



state basis {cj = e°} ^ 



j=0 
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In this section we will mean by semi-classical evolution of the Husimi function 
associated with ifj G TIn the following function 



4^(^,t)= '^^""'g^^-"'-' , (4.3) 

where B~^ ■ z = 4*z. We will write g^'^, respectively g^"^^., when ip = Cj, respectively 
ip = \xo,z;0). We will compare this quantity to the Husimi distribution of the 
quantum mechanically evolved state. 

Since throughout the rest of this section k = 0, and in order to alleviate the 
notations, we will drop the K-dependence of many symbols. In the following propo- 
sitions we list our principal results about the quantum and semi-classical evolutions 



of coherent states and position eigenstates from which Theorem \L.2\ will follow easily. 
The proofs are postponed to the next subsection. From now on, we will deal with 
observables depending only on the g- variable, for which we will write / G C°°(T). 

We consider for each A^ a lattice of M^v < A^ points Xj on the torus, given by 

^f^ = (7%' 7^)' 1 ^ ^'i'-^'2 < V^- Proposition ^ (i) with f = 1 and z = i 
then immediately implies 

\{xf\z\xf\t)-6,,\ < C exp-^^, (4.4) 

where we wrote, with some abuse of notation \xj , z) = \xj ,z,0) G Hn{0) ~ Hn 
(Do not confuse with (|2.11| )). Since we will need to apply Lemma |4.5| below to the 
\Xj ,i >, we will always need the sequence M^ to be such that 

vr N 
8CM;vexp---— <1. (4.5) 

Consequently, from now on, we will always take f ^^^jy " 1 < M'^ < f j^^^y We 
can now state the main ingredient for the proof of Theorem |1.2| : 

Proposition 4.1 [Coherent states] (i) Let N > 0,0 < e < 1 and < a < ^ be 

given and let Mn be as above. Then there exists a subset Mn of the index set 
1 < '^i,'^2 < V^N with the following properties: 

iMN ^ 1 N 



(b) For all f G C°°(T), and for all A; G N, there exists a constant Cf^k so that, for 
alio <t < {1- e) log2 A^ and for all j G Mn, 

\{x'f\,\V^'Op'^-{f)Vl,\x'f\-^ - {x<f\,\Op^{foB')\x'i''\i)\ < 
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(ii) For each f e C°°(T) there exist Cf,, Cf^, Cf^ such that Vxq G T^ A^,t > 



I X, dy 9ZAy^ t)fiy) - X, dy f{y)\ <Cf,^ + Cf,- + c,3e--^^-(^)/^ . 

The second part of this proposition says that the semi-classically evolved Husimi 
distribution equidistributes provided viV << 2* << A^. Comparing to Theorem 



L^ , we conclude that its behaviour is identical to that of the quantum mechanically 
evolved distribution on that time scale. We unfortunately have no idea what happens 
at later times. Analogously, for the position eigenstates we have: 

Proposition 4.2 [Position eigenstates] Let N>0,0<e<l and < a < e/4 be 

given. Let f G C°°(T). Then 

(i) There exists M.^ C. {1, . . . , N} satisfying 

0<l-#^< 1 



N - A^2a ' 

and for all f G C°°(T), for all fc G N, a constant Cf^k > such that for all 
< t < (1 — e) log2 A^ and for each j G Mn 

l(e„ V,^Op^if)V^e,) - /(^)| < C,,, (^ + ^) ; 

(ii) There exists C > s.t, for < j < N - 1, f e C'^iT), t, N > we have 

1 2*7 2^(i-\-l) llf'll 



^^.j V w. V / 2^'' ^ A^' ■ •' ^ A^ '" - ^ 

The first part of this result is again readily understood in terms of evolution of 
the support of the Wigner function of the initial state e^, which is the vertical 
strip at j/N , of width 1/A^. The dynamics contracts this strip vertically, stretches 
it horizontally to size 2'^/N, and centers it at 2^j/N. As a result, one does not 
expect mixing to set in before times of order logg A^, i.e. when 2*/A^ ~ 1; this is 
indeed confirmed by the above result. Comparing furthermore the first part of the 
proposition to the second, one concludes again that the semi-classical evolution can 
not be distinguished from the quantum-mechanical one up to times 2* <^ A^. 



4.2 Proof of Propositions |4.1| - \4.'Z\ and of Theorem \i.'Z\ 



To prove part (i) of Proposition |4.2| as well as of Proposition |4.1| , we first of all 
need the following Egorov theorem, proven in [ DBDE|| . Let's define, for each t > 
(compare this to (|3.2| )), 

Etif) = VE'Op^UWh - Op^if o 5*) , 

and Et{m) = Et{xm)- 
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Proposition 4.3 IpBDI^ ] Let 1]^ > and tiv > such that 2^^rjN < N. Then 
there exists a subspace Qtim^'^n) C TIn such that 

i) dim^^^(t^) >N-2''^7]n; 
ii) for each ifj G Gr,f^{tN), |^| < flN and <t <tN 

Et{n,0)^ = 0. 

The Proposition asserts rouglily tliat, provided one looks at times shorter than 
logaA^, and provided one restricts one's attention to a "good" subspace QriN^ there 
is no error in the Egorov theorem for trigonometric polynomials of degree at most 
r/Tv- The good subspace gets smaller as the time gets larger, but is non-trivial on 
the time-scale considered. Two obvious weaknesses of the above result are that it 
does not describe the good space explicitly and that it deals only with functions 
of q. These are at the origin of the limitations of Theorem |1.2| pointed out in the 
introduction. 



The following corollary is an easy consequence of Proposition [4.3|. We write Pg 



for the projector onto Br^j^, the orthogonal complement of Q, 



Corollary 4.4 Let {(f)j}jj{ be a family of orthonormal vectors in Hn. Let 7]]^,tN 
be as in Proposition [4.3|, 6n > and 



Mn = {1<J<M^\ {<f>,\PBj<l>j) < Si} . 
Then 



i) #Mn > M^ - 2*-r/;v/5: 



N> 



ii) for each f G C°°{T) and A; G N, there exists Cf^k > such that, for each 
<t <tN and j G Mn, 

\mf)(p,\\<CfASN+VN')- 

We will always choose things in such a way that 2^^^!]^ /5'j^/M]^ -^ Q,5n -^ 0, rj]^ -^ 
cxD, so that the Corollary asserts that the error is "small" on "many" (f)j. 

Proof, (i) From Proposition |4.3| we have that dim Br^^ < 2*^ 77 at and 



dim Br,, = TtPs,^ > Y: {<f>,\PBj<t>j) > {Mn - #-Miv)5? 






from which the statement follows. 

ill) Let ] G Mn and / = Y^nCnXno e C°°(T2). Then 

\\EtU)H\< E \fn\\\Et{n,Q)cP,\\+ Y. \fn\\\Et{n,Q)(P,\\. 

|n|<^JV \n\>r)N 
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We then have, using Proposition K 



and 



Y: |/n|||^t(n, 0)0,11= Yl \fn\ E,{n,0)Pis^J, < Sn2 E |/„| 

|7i|<7yiV \n\<T]N \n\<r]N 



2 



Y: |/„|||i5t(n,O)0,||<-p Y I/' 



\n 



k 



\n\>r}N '^ \n\>r}N 

The result then follows with Cf^k = '2J2n l/n||'^|'^- ■ 

The idea of the proofs of Propositions ^]1| (i) and ^^ (i) is to apply the above 
corollary to the families \x\ ,i) and \ej), respectively. Since the former family is not 
orthogonal, we will furthermore use the following result from linear algebra, which 
is proven through an application of the Gram-Schmidt orthogonalization procedure. 



Lemma 4.5 Let ui,U2, ■ ■ ■ um G "Hn be such that, for some e satisfying 8eM < 1, 

\{ui,Uj) - 5ij\ < e. (4.6) 

Then the Ui are linearly independent and there exists an orthonormal basis 
wi, W2, ■ ■ ■ wm of span{ui, U2, ■ ■ ■ um} so that 

\\wi-Ui\\<7eVM < ^=. (4.7) 

Vm 



Proof. We will prove both statements at once using the Gram-Schmidt orthogonal- 
ization procedure as follows. First, let Vi = jr^, then 

\\vi -Mill = |1 - IImjII I < e. (4.8) 

Now define, for all 1 < i < M, v'^ = Vi — Xi, where Xi = ^ind Xi is the orthogonal 
projection of Vi onto the span of fi, . . .fj_i. It is then clear that, for all 1 < i 7^ 
j < M, {v[, v'j) = and that the span of ui, . . . um equals the span of f^, . . . f^. We 
now first show that, for all 1 < z < M, f ^ 7^ by showing that 



\\x^\\n^<^eVM. (4.9) 

For i = 1, (|4.9|) is trivial. Consider then a fixed value of i between 2 and M and 



write Xi = Sj=i K'^j^ where the Xj are obtained by solving {1 < k < 



I) 



i-l 
{'Vk,Xi) = {Vk,Vi) =Y^i{'^k,Vj)- 

i=i 

Introducing the matrices [Vi\^^ = {vk,Vj), [r^]'^ = {vk,Vi) (1 < k,j < i), this can be 
rewritten r, = V^Aj. Consequently, since V* = Vi, we have 

{X^,X^) = KV^X^ = T^Vr^Vyr^, = rfl^-^T^, 
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and 



lx.llL<ll^r^ll(EK^'^'^^)l')- 



To estimate H^j ^||, note that Vi = I + eSi, where Si is an off-diagonal self-adjoint 
matrix with matrix elements {k ^ j) 

\^i - -\\"k,Vj)\ - r— < — . 

Consequently, 

i-l 
=1 lla|L,,_i>=l 



Si\\ = sup \{a, Sa)-^(i~i)\ <2 sup ^ |afc| |a;| < 2M . 

l|a|lH,(i-i)=l ll«llR,{i-i)=lfc,/=l 



As a result 

oo 14 

II « II — -^ II 'H — 1 _ p Q. — 'i 

and consequently ||Xi||>^j^ < (4/3)4e^M < 6e^M, from which ( |4.9| ) follows. 

Since all v'^ ^ 0, we can define Wi = f^/l If^l | with {wi, Wj) = 6ij. Since furthermore 

spanjui, U2, ■ ■ ■ um} = span{f i, ^2, . . . v'^} = span{i(7i, W2, ■ ■ ■ wm} 

it follows that the Ui are linearly independent. It remains to show ( [4.7| ). To that 
end, compute, using 



\\wi -Ui\\ < \\wi -vl\\ + \\vl -Vi\\ + \\vi -Mill < |1 - ||-i;-|| I + llxill + e. 
Since |1 — Hf^H | = | ||fj|| — ||fi|| | < \\vl — Vi\\ = \\xi\\, the result follows from ( ^^ 



Proof of Proposition |lJ|. [i) We first use Lemma ^^ and ( [4.4| )-( P75[ ) to assert the 



existence of an orthonormal set 0^, 1 < ji,J2 < V^n such that 

n N 1 



\\<pj-\xf\t)\\<7^Ce ^"iv < 



VM, 



N 



We then apply Corollary ^^ with rj^ = N 2^Sn = N" * and t^ = {I — e) log2 A^, so 
that 

«:^ > 1 _ ^Ar^/2iv---^f 
Mn ~ Mn 

and for all j G Mn, < t < tiv 

||£^t(/)0ill<C/,fe(Ar-f +Ar-^f). 
Consequently, 



(xv^^|VOpo^(/)\/^|xy^^^) - {x]"\^Op^ (f o B')\x]"> ,t)\ 
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<\\\xf\^)\\\\E,{f)\xf\^)\\ 
<Ci\mf)i<l^,-\xf\t))\\ + \mf)<p,\\) 

which is the desired result. 

(ii) Since the Baker map is hnear on / G C°°(T), this is a direct consequence of 



the proof of Proposition pl3 . 



Proof of Theorem \1.^ With the notations of Proposition |4.1| , let xq € T^ and 
consider 

dN{xo) = min{|xj ' — Xq\\j e Mn}- 

Since M^ — jjA^Ar < -^, it is clear that 



, . X INI 
dN{xo) < 



xn = Xj^ 



, MnN"' 

Let's choose a > e/5; then the sequence M^ defined after ( [4.5| ) is such that N/M^ < 
jY2(a-./5)_ Consequently WN,3jn G A^jv such that ||xo - x^^|| < N''^^. We write 

(N) 

Let t < i^ log2 A^ and consider the following inequality: 

\{x^,^\V^'OptJif)V^\x^,^) - /(2*g^)| < C\\Op^{f) - Op^J {f)\\ + 
\{xM.t\Et{f)\xM.t)\ + \{xN.t\Op'^{f o B')\XN.I) - f{2'qN)\ . 



The result then comes from Proposition [4.1| , the general estimate \\Op'^{f) — 
Op^^(/)|| < Cf/N, Proposition ^.l| (i) with A = Bo and a straightforward adapta- 
tion of Proposition ^]2| to the case A = Bo and f = f{q)- In the same way we obtain 
the result for the mixing regime. ■ 



Proof of Proposition |4.^ . (i) With respect to Corollary ^jj let Mat = A^, (f)j = Cj, 

r^j^ = N'/^, 5n = N""-'/^ and t^v < (1 - e) logs N. Then, we have that 4^Mn/N > 
1 - 1/A^2a ^^^ 

|(e,|i?,(/)|e,)|<C^,,(iV"-/^ + iV-'=^/2 
Finally, by a simple computation we find that, if dpf = 0, 



(e,|Opo^(/oi?*)|e,) = /(^). 



(ii) Following the method of Proposition 2^, we write the Fourier series in k and 
obtain for k = 

\g^;{x,0)f{x)dx = Y: {e,\Opf^{f)\U{i)e,) 
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, j+i „i±l. 



where we used the definition of tj (Lemma p.l|) and the exphcit action of f/(^). Here 
Tjx^z are the coherent states defined in ( [2.11| ). Introducing furthermore (pq,z{s) = 
exp{i7TNpq) exp{2iTrNps)rix^z{s) and recalhng that / depends only on q one obtains, 
as result of the integration in p, 6{s — w); after integrating over w this yields 

j gf{x,Q)f{x)dx = NY: fdqfiq) // rf.|0,,.(.)|V2-^^- . 

If we introduce the characteristic function Xj of the interval [j,j + 1] we see that 
l^jrix,0)fix)dx = ldqfiq)J2lj<P,AJ^)\\M^'''''ds 

= \jdq f{q){ hm + lim ) ^ \<P,,/-p)\'xA^ + e) 

L J e^0+ e— ►O" „ iV 



\ / dq f{q) 



KAj^)? + \<p,A^-^: 



|2 



where we used in the second line the convergence properties of the Fourier series 
of \(t)qAs / N)\'^Xj{s) ■ If -z = ioJ, using the explicit form of (pq^z we easily obtain the 
following estimate with C > an universal constant 



'"'^'^^'^^OI^^vSv' 



dxgf(x,a)f(x) - -(f(j-) + n'-ir))\ < c^=\\dj\\^ 



To obtain the final result concerning the t-dependence, observe that it is enough to 
change f -^ f o B^ and u -^ 4*u;. ■ 
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